Abstract. Let a 1 ≥ a 2 ≥ · · · ≥ a be an ordinary partition. A subpartition with gap d of an ordinary partition is defined as the longest sequence satisfying a 1 > a 2 > · · · > a s and a s > a s+1 , where a i − a j ≥ d for all i < j ≤ s. This is a generalization of the Rogers-Ramanujan subpartition which was introduced by L. Kolitsch. In this note, we will study various properties of the subpartition and as an application, we will give a combinatorial proof of two entries which are in Ramanujan's lost notebook.
Introduction
Let a 1 ≥ a 2 ≥ · · · ≥ a be an ordinary partition. In a recent paper [7] , L. Kolitsch introduced the Rogers-Ramanujan subpartitions and established their connection to other partitions. The Rogers-Ramanujan subpartition is the longest sequence satisfying a 1 > a 2 > · · · > a s and a s > a s+1 , where a i − a j ≥ 2 for all i < j ≤ s. In this note, we will generalize his result with an arbitrary gap condition and will study their connections to other partitions. Let us fix a positive integer d. Then, for a given partition, a subpartition with gap d is defined as the longest sequence satisfying a 1 > a 2 > · · · > a s and a s > a s+1 , where a i − a j ≥ d for all i < j ≤ s. Note that Kolitsch's Rogers-Ramanujan subpartition is the case d = 2. For convenience, we will define the subpartition of the empty partition as the empty partition. We define the length of the subpartition with gap d as the number of parts in the subpartition. When the gap d is clear in the context, we will say the subpartition instead of the subpartition with gap d. In Section 2, we will give a generating function of the ordinary partition that keeps track of the length of the subpartition with gap d. In Section 3, we will study their connection to the partial theta function, which is of the form
by attaching a proper weight to the generating function. In Section 4, we will focus on the subpartition with gap 1. By using the results from Section 2 and 3, we will give combinatorial proofs of the identities:
which are entries in Ramanujan's lost notebook [8] [3, p. 19, Entry 1.4.10 and Entry
1.4.11].
Here and in the sequel, we use the customary notation for q-series:
and (a) ∞ := (a; q) ∞ := lim n→∞ (a; q) n , |q| < 1.
We will conclude this note with some comments on possible future projects.
A Generating function
For a given partition λ, we always write it in the form a 1 ≥ a 2 ≥ · · · ≥ a . Before finding a generating function, we need to define some notation. Let us fix a positive integer d and define, for each nonnegative integer k,
Then for a given partition λ, there are three cases:
(I) There is no subpartition in λ.
(II) The subpartition of λ is λ. In this case, we will say the partition λ is a complete partition after Kolitsch.
(III) λ is not complete and it has a subpartition with length .
For the case (I), i.e. to have no subpartition in λ, we should have a 1 = a 2 . By using a standard argument [1, chap. 1], we can easily see that
generates such partitions.
For the case (II), i.e. λ is a complete partition, the gaps between successive parts of λ should be at least d. Such partitions are generated by
Note that the length of the subpartition in the above is .
For the case (III), suppose that a given partition λ has the subpartition with length and a = j. Note that since λ is not a complete partition, there are at least + 1 parts in λ and, by definition, a > a +1 . Then, there are two possibilities:
For the case (i), we have the generating function
where in the penultimate line we used the q-binomial theorem [5, p. 8] . For the case
(ii), we have the generating function
by the q-binomial theorem.
Since all partitions fall into one of the above three cases, the sum of the above generating functions ( (3), (4), (5), and (6)) should be
. Thus, we have
by the q-binomial theorem. Thus, we have proved our first theorem.
Theorem 1. Let be the length of the subpartition with gap d, then we have
Remark. An analytic proof of Theorem 1 is very simple; thus we will omit it. Note that, by setting d = 2, we can recover Kolitsch's Theorem 1.
Define p(n, , d) to be the number of partitions of n having a subpartition of length with gap d. Then, by comparing coefficients of q n in the (7), we can easily deduce that Corollary 2. For all nonnegative integers n and and a positive integer d, we have
Subpartitions with parity condition
Let us define p e (n, d) to be the sum even p(n, , d), i.e. the number of partitions of n that have subpartitions with even lengths, and similarly for p o (n, d). Then, we
Note that when d = 2, 1 + 2
is a partial theta function of the form,
By replacing a and q by q and q d , respectively, in the identity [4, eqn (2.1b)],
We have the following partition theoretic interpretation of (10). 
Subpartitions with gap 1
In this section, we will investigate the subpartitions with gap 1. By (8) and (9) in Section 3, we have
Thus, Entry 1.4.10 and 1.4.11 of [3, p. 19 ] are equivalent to the following identities:
Now we will give a combinatorial proof for the above identities. Throughout the proofs, t(λ) denotes the number of parts in λ.
Proof of (11). Note that q n (q) n (q n+1 ) ∞ generates partition pairs (π(n), σ(n)), where π(n) is a partition with (n = π 1 (n), π 2 (n),
. . ., π t (n)), and σ(n) is a partition into distinct parts such that the smallest part is larger than n, and the exponent of (−1) is t(σ(n)). For a given partition λ, suppose that λ has the subpartition of length . Then, λ is of the form
Thus, in the right hand side of (11), λ is generated + 1 times as
. ., and (π(λ +1 ),σ(λ +1 )). Note that, in fact, λ +1 = λ +2 .
If not, the length of the subpartition should be bigger than . Thus, λ is not of the form ( π(λ +2 ), σ(λ +2 ) ). Note also that the exponent of (−1) in the previous partition pairs is (−1) 0 , (−1) 1 , . . ., (−1) , respectively. Thus, their sum is 1 if is even and is 0 if is odd. Thus, in the right side of (11), after cancellation, we are left with the partitions that have subpartitions with even length.
Proof of (12). Note that
generates partition pairs (π(n), σ(n)), where π(n) is a partition with π 1 (n) = π 2 (n) = n, σ(n) is a partition into distinct parts such that the smallest part is larger than n, and the exponent of (−1) is t(σ(n)). For a given partition λ, suppose that λ has the subpartition with length . Then, as before, λ is of the form
Recall that λ +1 = λ +2 . Thus, in the right side, λ is generated as (π(λ +1 ), σ(λ +1 )).
Since the exponent of (−1) is in this partition pair, we are done.
Note that the right side of (1) is a generating function of the number of stacks with summit. For the definition of the stack of summit and its proof, consult the paper of Andrews [2] . For other combinatorial proofs of Entry 1.4.10 and Entry 1.4.11, examine the work of A.J. Yee [9] or the previous work of the author [6] .
Next, we will obtain another generating function for p e (n, 1) − p o (n, 1) by using a simple Durfee square argument. For a given partition λ, let λ r be the conjugate of the partition in the right side of the Durfee square and λ b be the partition below the Durfee square. Let s(λ) be the side of the Durfee square of λ. Then, the coefficient of
is (the number of partitions of n such that λ 
In summary, we have
Therefore, we have proved the following theorem. As an immediate corollary, we have
Note that equality holds if and only if n = 2.
Next, we will investigate the parity of p e (n, 1). Applying Jacobi's identity and the pentagonal number theorem [5, p. 14, 12], we find that
Thus, we can conclude that p e (n, 1) is almost always even. Hence, we have proved the following theorem.
Theorem 5. For all nonnegative integer n, we have
, if n is of the form n(3n ± 1) for some nonnegative integer n, 0 (mod 2), otherwise.
Concluding Remarks
By Corollary 2, we have
From the famous Ramanujan congruences, we can deduce the following trivial congruences for p(n, , 1 For example, let define the subpartition of partitions into distinct parts as the longest sequence with the gap between the parts being exactly 1. Then, by a similar argument that we used to prove Theorem 1, we can easily prove that
and
where is the length of the subpartition. It appears that (15) and (16) do not appear in the literature of q-series. Can we prove analytically (15) or (16)?
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